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1. INTRODUCTION

Whilst the thernioelastic effect has been known for well over a century, it is only

within recent years that this phenomenon has been exploited as a means of ex-

perinental stress analysis. Equipped with an infrared sensor, together with some

precision scanning mechanisms and clever signal processing hardware, a system
known as SPATE (Stress Pattern Analysis by measurement of Thermal Emis-

sion), can form a raster picture of the temperature fluctuation of body under

cyclic loads. Since such thermal data are directly related to the changes in bulk

stress (crt + ory + ff..), this system offers a powerful means of obtaining full-

field non-contact measurements of stresses within structural components. As a
result, the use of SPATE has become increasingly widespread, and many success-

ful applications may be found in the literature (e.g., [1]-13]). However, because

temperature and bulk stress are scalar values, the vectorial nature of stress is lost

from data obtained by such techniques. Whilst the bulk stress information may

be useful for many qualitative inspection purposes, quantitative evaluations are

possible only for cases wiere it is known that the stress field is dominiant in one
direction. Taking anl extreme case as an example, it may be shown that SPATE

would not be able to distinguish an unloaded body and one which is subjected to

pure shear. The failure of SPATE to respond to pure shear was clearly shown in

.the experiment of Stanley and Chan [4].

Because the knowledge of individual stress components is imiportant in tnauty

practical situations, much work has been done in I he fields of holographic interfer-

ointwtry to separate principal stress comlpoiints froti isopachic and isochrotiatic

fringe data (e.g. [5-7]). Il t hetrmoelast ic stress analysis however. only t lie isol)achic

data may be obtaimed which. by them iselves, do itot provide eno i iniforitaliol

for determinining the stress colpomients. Oit the other latd. it is not true, that

the selection of stress values which satis fy a given set of isopacilic data call be

totally arbit rary "tis is becaise tlie per .. issih(. st 's('s ....st sat isFy (iqu il)ritlttI

as well as known boundary conditiotus. It is howiit in tIi paper lthai. at least

for two-ditmensional iprobletms. t he ittl posit iolt of I hese conldit ions call Ibe tiseM to

deternmin the stress coniottws associated with a gthe i se of isotp lIi' dala.
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2. THEORY

For a two-dimensional isotropic material under elastic deformation in the absence

of any body force, it is well known that the solution for stresses may be expressed

in terms of a potential *, such that
02,& 02, 02,

=y2 C V N , TOOy" (2.1)

where C,., 01" and o-,, are the normal and shear stress components, and 4) must

satisfy the bi-harmonic equation
0 b 0 4 4 ) 0 4d , 4 b 0

- +2 + -= (2.2)

For a simply connected body, the specification of two conditions of D around
the boundary forms a well posed problem, and it may be shown that the necessary

boundary conditions for + may be determined from two known components of

stress at each point along the boundary. in such a case, the stress field may be

uniquely determined, and there is thus no need for additional data. However,

accurate Ioutidary conditions inay be unknowi in iany real situialions, and the

analyst is forced to resort to simplilications which may or may not be realistic.

The a usiliifption of a uniformly distributed stress profile across the boindary of a

collponen under conideration i-, one such example. Witi the aailabilit" of ot her

stress related information, such as experimentally obtained bulk stress data, the

requirenment for a complete set of the boundar. conditions ,ay Ihe relaxed. The

problenl now becomes one wiich involves finding a solutiion to eqn (2.2) subject

to certain known boundary c(indilions (cg. . iaking is, of fore I( ouindaries) am

its nearness to I lie bulk st ress dala.

As anI illistratioi. coinsider a rectniglular segitici Ofr i piS ,'4 il,l h,id,.d b.%

0 < r < (, and -0.5 < y _ 0.5. L,et Ihe sides y = +0.5 he free edges a u' I ie

remaining two boundaries be loaded by normal stres.ses which may be fi tictions of
y. Without loss of generality, considering only ! he symmetrical (abot.t lie r-axis)
case, the analytical solution for P may be found in Timoshlinko and (.oodier [8].

viz.,

a (I -- + 2, (-1 tan -1 cos2ly + 2jysin 2-1y) . (2.3)

in which a0 and a are real coelficients, and -1 satisfies the equalion

sin 21 + 21 0. (2.4)

Ir
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The non-trivial roots of eqn (2.4) are complex, and appear in conjugate pairs.

Also, if I is a root, so is -y. For simplicity, let us further assume that the stresses

are known to be uniformly distributed as z - oo so that only values of -r which

have positive real parts need be considered. For the stresses to be real, the general

J expression for $ may be written as

2 Zake-2&(_.k tan k cos2lky+ 21kysin2-1ky)

(2.5)

+ U a'kc-25k' (-Tk tan T& cos 2TkY + 2TkY sin 23Fjy),
V k= I

where U. and 'k are the conjugates of ak and -k respectively.

The expressions for the stress componelts may be obtained by direct differ-

entiation of eqn (2.5) and it may lie shown that the bulk stress S is given by

S = Cr., + oav

d 2, 2... ... (.6)
=f)ro +e -1 s-c os + -s t. oseY l+ r..

l ,l'1 k---I 1

Init genera 1, fIle 'ellicie s t Wf1. 1io lie (I(,el"ell t1 l e (I sl ri ioll i f (2 .,.
;!and o-,, at x = 0. ilowever, suppose that this stress distrib~ution is tiot known

!a priotri, but experimental dala on bulk stresses. Stich as those obtained from

"SPATrE, are available, The Iproblem, of deterniniig individual stress coinpointis

for t his example then esseid ially involvs lie delerniiial imi of tIhe- coetliciets (ti.

(and also the nmb~ler of aI.' N 10 stillicivollY repr'esent fite ohitiott ii, eqli (2.5')

sublic losome bsl-lit crilerioi sch that lhe differetce bet ween S aol t lhe arra

(if experimentally observed lik stresses .S is ,iiisd.
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3. TEST CASES

To test the viability of the proposed scheme, the stress field was first solved directly

for tile case where a known distribution of stresses at the boundary x = 0 is applied.

Th,, bulk stresses at discrete points on a N1. x N, grid were then generated and,

with white noise of various degree added, served as a simulated SPATE output.

This set of data was then used in the inverse problem where t.ie coefficients ak

were estimated and the resulting stress components compared to those obtained

in the direct problem.

3.1 Solving for I

In order to solve cilher tlhe direct or inverse p~roblem. tlie solition to eqn (2.4)

mnust firstly be sought. Because of its n.n-algebraic nature, a numerical algorit hill

j using a Newton-Raphson scheme was used. hlie asymptotic form

hill -+A~r +;(3.1)k - 2

was i si, to generat ia t i nati or t e it ('rat i e sti l ion proceit ire. This aw
- all subsequent coip litatii , were done oil aniIC I.X SI G(1 a mid i diuile pre(is(un

programmnlin. was used throuIghot.

3.2 The Direct Problem

The first step in tle direct )roblem was to decide on a stress distribution at tle

boundary r = 0. Serving as a relatively severe test case, a step function of tle

form
#7,. . -I00 - 1 /3 < Y < 1/3

(3.2)
I".T 0 elsewhere

was chosen, where the normal stresses o, at x = 0 may be expressed as

N

az =a . + Eak{(4j'tanjk + 2)cos ky - 8y sin 2ky}
5=1 (3.3)N

+ E I t an !A + 8T2) cos 2y- 8sysin 2TkYI,

where N is sufficiently large to represent the function expressed by eqns (3.2).

* 4



The coefficients ak were then solved by mtatching the first N Fourier coim-

potents of both sides of eqn (3.3). It was found that N =15 was adequate to

represent the required step function.

A regnlar grid] system of 2411 x 121 points was used to cover the region 0 <

x < 2 an(I the bulk stress at each grid point was generated Using thle trruncated

form of eqn (2.6). Ranidom errors (up to ±5 units) were thten added to tile data to

formn a simtulated SPATE outp~ut SE. Cotitours of the genterated bulk stress and

the simulated SPATE output SE (over Ithe region 0 < x < 1) are shown it] Fig. 1.

3.3 The Inverse Problem

As mient ioned earl ier. Owt iniverse p~roblem t itt ~ol ve t lie (st.ilt Ii ott of thle (0,1!:neillt s

ak given a set of builk stress data S-A. This~ at first appears straight forward andie

a least squiares applroacht emed tii appropriate for htandlinig thle Itoisc. ll(,wevet.

p~roblemts caltl a rise duit to mtt~ r ~rttltc s o ilei ide r-(st it atiott of t lie

numtttber of termt is riecess-a ry to represtid thei( sohlitioii) as welas poor (otil itlo tiit

of thle least squares mt at rix . Tese probletm s. aindl Ii e sit gges te I ret lieis, arme

discussed itl thle following.

lThe bulk stress mtay lie rewrittetn ill thle formt

S(x, y) a. +Zb2k-(C- 21icos2 kY + ? 2k~cos7kY)
k=t (:3.4)

+ i l b l (c2
_k"cos2jky - C 2

'7 COS2-'jkY)
k=1

where b2k-I + ib~k 8=

The least squares probletm is to find b such that

Z s~ Y) - b T  )~,2
D

is nmiinimised, and where

b T =[a0, bt,b 2 ,.  b2NI , (3.5)
*JT = [11' . ,./7- V2N)



in which
0n2k I (X, y) = e-2"&z cos2ly + e- 27k cos2ky (3.6)

and D repre,nt the rectangular array of grid points.

The least, squares problem gives rise to the so called C'nornial equations"

Lb-r, (3.7)

in which

; 
r = [1.0. I .... ,' . (3.8)

where

S = .' V),(.r, y)

; lte d:'-cret.e least squares )roblemu suffers from lie loss of p)recikiolt (11(c to

the siubtraction of two sitilarly valuled nubIlers of Iiiile word-letigl It. If IIt ( sami-

pling rate is sufIliciently high or grid spacing is sullicient ly small. theni all sntls

may be replaced by integrals with an error prolportional it) lie ,lqiare of the grid

spacing. This leads to a irocedun'e known as ('ontiiumois Least Squares where, by

performing the iitegrat ions, it inay be shown that lihe eleneil s of lie symmnuet ic

matrix L ar, given by

L(I, ) =*

L(1,2k) Real sin -)k(l - k ' (3.9)

L(l,2k + 1) =-1m ( --

and the remaining terms are more easily expressed in terms of the supplementa-y

function F(7 ,, -) such that

L(2m, 2n) = F(,,, -y,) + F(7,,n) + F(i,.,,,,) + F(3m,',,)

and

L(2m + 1, 2n + 1) = -F(-y,,, -y) + F(-y, F) + F(T., y7,) - F( f,, )

(3.10)
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where, for ,in it,

F('h, • ),,) = - ("+'"J'rs2j,,,gcos'2j,,!ydrd

( - + I-" " "" ) f I . + - S 1
- M + -1, H ( , , + - ,( , %

(:1.11)

Note that for in = i.

F"(', "") = (3 .-) [2in)2 '-, +.

= 0 (since Sill _,k + 2-4 = 4}.

'The least squares mat rix for tie probWhiii n lilder r-otiildral l , . highly
iil-couditined as lihe numhler of rows (or column s) iicras( . h.yoiId 7. The I ,-

terioration of the conditioning of L is illustrated ill ''able I. Such bIehaviour

means that the inversion of L oil a computer with finite word-length may [not

give dependalble results for the high freqnency iodes. lhis gives soie idea of the

maxinii iniber of paraileters which call be reliably estii iated ini tihe inverse

problem. lowever, because these laraiieters call he strongly correlated, ii may

be necessary to include higher frequency eigen funcliois in thlie least squares nodel

to avoid bias in estimating the low frequency components. To systeuiatically de-

teriine the order of tile model, a consistent, order estimation scheme was adopted

(see Ref. [91) which involved the minimization of the following objective function:

Z = N ln2l + in InN, (3.13)

where N is the total number of data 'oints, in is the number of parameters assumed

in the model, and a., is the variance of the least squares fit. It may be shown that

as N -- 0, rn muay be determined exactly.

As in increases beyond 7, the least squares matrix may deviate from being

strictly positive definite due to the poor conditioning. To overcome this, a standard

technique which involves the addition of a small number ( to the diagonal elements

of L was adopted (see Ref. [10]). Because a Choleski decomposition was used in

the matrix solver, the value of ( should be of the order of the square-root of the

computer truncation errors. A value of c= 10- was selected to be appropriate

in the current example.

7



Numbher of I's 1 2 3 .

Numbier of rows in L 3 5 T 9)

('oilit ion numbiilert I 1 86 520 10701

t Thie coliiljion 1111111l,,.r 114.1c is -*l4hi-it , s II I,, ' iii (If II, l i g-

ajedial ~test eigim-atae of the mi,rix.I

TabIle' 1. ( (4141itollilig of tile' lIvast s(jIllres mait rox.

4. RESULTS AND DISCUSSION

[lie inimuizat ion of tilie I)Ject ive funcition exp~ressedl by eqIii (3.13) allows a sNs-

teijiatic nicails of deteriing tile ntimbler of parani' 'rs which shldi he iticlidl(

in tile iiiolel. The. procedunre adop~tedI was to coiiptt Z for increasing ii iier of

I's, and select (fie case which corresp~ondJs to a iiiiiiiii Z. For file two noise le%--

els considered (±2.5 and ±5 units), this proceduire returned an est imate for it) of

29 (or 14 I's). This is in close agreement withI the 15 I's actutally iised t~o generate

the simiulated SP~ATE data. However, eveii thouigh such a high order systeml was

considered, most, of tilie parameters were est imat ed with substantial errors. Table

2 shows the comparison of the estimiated p~aramieters ali(l tlie actual values used

in the direct problem for the miaximiun-noist case. It is seen that only (rhe first 8

paranieters were estimated reasonably, which is consistent. with the conditioning

of the least squares matrix as discussed earlier (see Table 1). Despite this, these

parameters were able to be reproduce the bulk stress field with exceptional accu-

racy as seen in Fig. 2 which shows a comparison of the bulk stress field produced

in the direct problem prior to the addition of random noise, and that obtained in

the inverse problem.

The comparisons of the 0or, 01111 and a-, fields are shown in Figs 3 to 6

respectively. Only the results for the ±5 unit noise case are presented here as this

scheme was found to be relatively insensitive to the random noise present, and the

the results for the ±2.5 unit noise case were essentially thle same. Interestingly, it

is seen that the inaccurately predicted higher order parameters tend to affect thle

quality of estimated individual stress components much more than that for tile

bulk stress field. Thme reason for this may be easily seen from the algebraic form

of these stress fields. For example, setting x 0 in eqn (2.6), and comparing this

8



with tleq (3,3 , it eali be seen I hat t lie stress componel r., has tvriw4 wlhich are

proportioial to -, a,I fo whilr S eoiitains oty its ii - aid - I,',e.ore, a,

k (and hence It and TA. ) becomie-, larger, errors ill (k 1ould hi'lie llore 111t iMnote

Visihe oil St ri's Oil c pllieills. For'lilliait(y lho lih Ih hll1u ir er paraiaiiehlt'.

are associatled with terlims which d r.cay ra llly i i lhe .i-tireciiu. a i as Showni

ill tliese figures, tle .-piirimis sItr's, ta (, 11 llil11(1 t0 Only a small re.giolil o i the

Ualdeled VdAe. For tle lnik of the legion illider coniihvraloil. Ihe imers seli iiu

was able to det-e.iie all three collleills of strese au vilat clv.

k bk ( )irect ) hb. (inverse)

33.3 33.3
2 48.7 .185
3 -4.13 -:396

3 15.2 :311.7
-3.70 -2-11

6 7.07 7.00
7 -6.18 -41.17
8 -I11.9 -12.1

9 -2.71 -0.386
10 -12.8 -9.62
11 1.88 2.77
12 -3.12 0.904
13 3.93 -4.,41
14 6.86 1.37
15 2.31 -5.59
16 8.07 3.69
17 -1.26 4.32
18 2.04 5.16
19 -3.01 0.733
20 -4.88 -5.81
21 -1.96 -0.742
22 -5.93 0.167
23 1.00 3.31
24 -1.55 8.13
25 2.42 -13.3
26 3.84 -2.11
27 1.83 -16.9
28 4.74 -2.74
29 -1.13 -3.62
30 0.748 -
31 -1.30

Table 2. Comparison of tile paraneters used in generating S
and those obtained in the inverse problem.

9



5. CONCLUSION

\\hilst isopachic data such as those obtained in a thlermoelastic stress anal.sis

alone are not sufficient for individual st ress components to be deduced, lie corre-

s)olding stres's field cannlot be choseii arbit rarily. This is because a valid stress

field must sat isf) Ilie conditions of equilibriin as well as the imposed bouindary

conditions. It las been demonstrated that by making use of these conditions, a

least squares scheme can be devised to identify the stress components in a two

dimensional body. For the case considered, the scheme was found to be relatively

insensitive to random noise, although due to ill-conditioning of the least. squares

matrix, the high frequency components of stresses were not able to be resolved.

lowever, these high frequency components of stresses dissipate extremely quickly

in accordance with St. Venant's principle, and the stress components in the greater

part of the region under consideration can be determined successfully.

For the purpose of demonstrating such a combined expernimental-analytical

stress analysis technique, the chosen example was a rather simple one. In practice,

for a component of arbitrary geometry, the problem becomes much more difficult

and resorting to the analytical solution may be impractical. In such a case, there

is scope for adopting this least squares approach in a finite elements formulation.

The viability of this combined experimental-finite elements technique is currently

under investigation.
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